Gbodogbe S.O and Loyinmi AC (2026) EDUCATUM JSMT, 13(1), 1-28 EDUCATUM JSMT
https://doi.org/10.37134/ejsmt.vol13.1.1.2026

RESEARCH Open Access

Computational Analysis of Fractional Systems E7%
of Korteweg-de Vries Equations Using Elzaki  [==#
Projected Differential Transform Method

Sunday Oluwafemi Gbodogbe'" and Adedapo Chris Loyinmi?

'Department of Mathematical Sciences, Indiana University, Indianapolis, USA.
2Department of Mathematics, Tai Solarin University of Education, ljebu-ode, Nigeria

Article Histo

Recei i /Abstract \
eceived i invest ication of the Elzaki Projected Differential

18 June 2025 This study investigates the application of the Elzaki Projected Differentia

Transform Method (EPDTM) to fractional-order nonlinear Korteweg-de Vries (KdV)
equations, which describe various nonlinear wave phenomena in physics and

Received in revised

?Zﬁgust 2025 engineering. The method effectively addresses both linear and nonlinear operators
Accepted and fractional derivatives. Through two illustrative examples, the method accurately
13 December 2025 captures the dynamics of fractional-order wave systems and achieves results in
Published Online excellent agreement with exact solutions. The findings demonstrate the method’s

4 January 2026 precision, fast convergence, and computational efficiency, underscoring EPDTM's

potential as a robust tool for solving nonlinear partial differential equations with

fractional dynamics.
*Corresponding author

sgbogogb@iu.edu Keywords Fractional Korteweg-de Vries equations, Elzaki transform, Projected Differential
Transform Method, Fractional calculus, Numerical simulation

\_

© 2026 Penerbit UPSI Press. All rights reserved

To cite this article (APA): Gbodogbe S.O and Loyinmi AC., (2026) Computational Analysis of Fractional Systems of
Korteweg-de Vries Equations Using Elzaki Projected Differential Transform Method. EDUCATUM Journal of Science,
Mathematics and Technology, 13(1), 1-28

INTRODUCTION

The Korteweg-de Vries (KdV) equation is a fundamental mathematical model used to describe the
behavior of weakly nonlinear long waves in various fields of physics and engineering. Its
significance lies in its ability to capture the intricate balance between weak nonlinearity and weak
dispersion, which governs wave evolution. The equation, named after Diederik Korteweg and
Gustav de Vries, was introduced in their seminal 1895 paper, where they demonstrated its
applicability to small-amplitude long waves on the free surface of water. Initially derived by Joseph
Boussinesq in 1877, the KdV equation has since found applications far beyond its original context
of shallow-water waves in canals. It plays a crucial role in explaining phenomena such as shock
waves, traveling waves, and solitons in diverse areas including fluid dynamics, aerodynamics, and
continuum mechanics [1-10]. The equation models processes like shock wave formation,
turbulence, boundary layer behavior, and mass transport, making it an indispensable tool in
theoretical and applied research. One of the most remarkable properties of the KAV equation is its
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exact solvability. This property was first highlighted by Gardner et al. in 1967, who showed that
the KdV equation could be solved exactly as an initial-value problem with arbitrary initial data in
a suitable function space. This discovery marked a revolution in the study of nonlinear partial
differential equations, attracting significant scholarly attention. Notably, Zakharov and Faddeev
demonstrated in 1971 that the KdV equation exemplifies an infinite-dimensional Hamiltonian
system that is completely integrable [11-15]. The exact solutions of the KdV equation, often
obtained using the inverse scattering transform, include solitons—stable, localized wave packets
that maintain their shape while traveling at constant speeds. These solutions have made the KdV
equation a prototypical example in the study of exactly solvable models in nonlinear dynamics.
The mathematical richness and the intriguing physical properties of the KdV equation continue to
inspire active research [15-20].

Fractional calculus (FC) extends the concept of traditional calculus by allowing derivatives
and integrals to be of non-integer (fractional) order. This extension proves to be particularly
effective in modeling complex engineering and physical systems where standard integer-order
differential equations fall short. Unlike traditional models, fractional calculus (FC) offers a more
precise representation of the dynamics involved in diverse phenomena spanning multiple
disciplines. These include chemistry, economics, electrical engineering, control theory,
groundwater issues, mechanics, signal and image processing, and biological sciences. In recent
years, fractional differential equations have become instrumental in the study of nonlinear
equations and their traveling-wave solutions. These solutions are essential for understanding
nonlinear physical processes, which often involve intricate interactions and evolutions of waves
[8, 10, 20-25]. The Korteweg-de Vries (KdV) equation, a cornerstone in the analysis of nonlinear
wave phenomena, benefits significantly from the application of fractional calculus. By
incorporating fractional derivatives, the KdV equation can model a broader spectrum of physical
phenomena, providing a more comprehensive framework for studying the interaction and
evolution of nonlinear waves. The application of fractional calculus to the KdV equation enhances
its capability to describe various physical processes more accurately. This approach is particularly
useful in situations where traditional models with integer-order derivatives are inadequate. As a
result, fractional calculus has emerged as a powerful tool in advancing our understanding of
complex systems governed by nonlinear dynamics. Through the integration of fractional calculus,
researchers can develop more robust and versatile models of the KdV equation. These models not
only improve our theoretical understanding but also have practical implications in fields ranging
from fluid dynamics to quantum mechanics. The ongoing exploration of fractional-order KdV
equations continues to reveal new insights and applications, underscoring the importance of this
mathematical framework in modern scientific research [26-30].

The fractional-order coupled Korteweg-de Vries (KdV) equations extend the classical KdV
framework by incorporating fractional derivatives, which allows for a more nuanced modeling of
complex wave phenomena. These equations are defined as follows:
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where Cand 9 are constants, and & denotes the parameter that characterizes the order of the
fractional derivatives of “*(>€) and "(W’g), respectively. The functions uy,0) and V(v 0)
represent the fundamental variables of space and time, and are considered to vanish for ¥ < 0 and

0 <0 When ¢=d =1 this formulation simplifies to the traditional coupled Korteweg-de Vries
(KdV) equations.

0%u o0%v

In the equations above 00" and 90” denote the fractional derivatives of order & . These

derivatives are generalizations of the standard integer-order derivatives, providing a powerful tool
to describe memory and hereditary properties inherent in various physical processes. Fractional
derivatives are particularly effective in capturing the complex dynamics of systems where the
influence of past states decays over time, which is a common characteristic in many natural and

engineered systems. The constants Cand @ play a crucial role in determining the characteristics
of the wave propagation and interaction described by the equations. By adjusting these constants,

one can model different physical scenarios and behaviors. The parameter & , which lies between
0 and 1, indicates the order of the fractional derivative. This parameter provides an additional
degree of freedom in the model, allowing for a more flexible and accurate representation of the

system's dynamics. The functions u(W.0) and V(¥-9) are the primary variables representing the
wave phenomena in space and time. These functions are assumed to be zero for negative values of

Y and ¢, implying that the waves do not exist before the origin in space and time. This
consideration is essential for ensuring the physical relevance of the solutions, as it aligns with the

causality principle, where effects follow causes. When the constants ¢and d are set to 1, the
fractional-order coupled KdV equations simplify to the classical coupled KdV equations. This
reduction highlights the fractional-order equations' generality, encompassing the classical case as
a specific instance. The classical coupled KdV equations are well-studied and known for
describing the interaction of nonlinear waves, solitons, and other complex wave structures [1-5,
30-32].

Over the years, various researchers have proposed and developed numerous methods to
solve the Korteweg-de Vries (KdV) equations, which model a wide range of nonlinear wave
phenomena. Here, we review significant contributions to the solution of these equations: Maturi
(2012) utilized the Adomian decomposition method to solve the Generalized Hirota—Satsuma
coupled KdV equations [31]. By applying the differential transform technique, Gokdogan et al
[36] studied approximate solutions for coupled KdV equations. This method transforms the
differential equations into a series of algebraic equations, which can be solved iteratively to obtain
approximate solutions. The analysis of nonlinear KdV equations using the Homotopy Analysis
Method (HAM) was suggested by Jafari and Firoozjaee (2010) [39]. Lu et al. (2020) [40] employed
fractional calculus by He's method to compute numerical solutions for a system of coupled
nonlinear fractional Korteweg-de Vries (KdV) equations.

The Elzaki Projected Differential Transform Method (EPDTM) is proposed as a novel
approach to solving fractional-order coupled KdV equations due to several compelling reasons.
The EPDTM is designed to efficiently handle the nonlinearity and fractional nature of the
equations. Traditional methods often struggle with the complexities introduced by fractional
derivatives, but EPDTM can seamlessly incorporate these into the solution process. The EPDTM
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is known for its accuracy and rapid convergence, which are crucial for solving complex coupled
equations. By projecting the differential transform method through the Elzaki transform, this
method reduces computational errors and enhances solution precision. One of the primary
advantages of the EPDTM is its ability to simplify the computational process. By transforming the
problem into a series of algebraic equations, it reduces the difficulty associated with solving the
original fractional differential equations directly. The EPDTM can be applied to a wide range of
initial and boundary value problems, making it a versatile tool for various applications. Its
adaptability to different types of fractional differential equations makes it particularly suitable for
the fractional-order coupled KdV equations. The method provides enhanced analytical
capabilities, allowing for a deeper understanding of the underlying physical phenomena. By
obtaining more accurate and detailed solutions, researchers can better analyze the wave
interactions and dynamics described by the fractional-order coupled KdV equations. The coupled
nature of the fractional-order KdV equations necessitates a method that can effectively address the
interaction between multiple variables. The EPDTM is well-suited for coupled systems, providing
a robust framework for analyzing the interplay between the fundamental functions of space and
time. By employing the Elzaki Projected Differential Transform Method, we aim to achieve a more
comprehensive and precise analysis of the fractional-order coupled KdV equations, advancing our
understanding of nonlinear wave phenomena and enhancing the applicability of these models in
various scientific and engineering fields [2-7, 38-40].

Despite their wide use, many existing methods for solving fractional differential
equations—such as the Adomian Decomposition Method (ADM), Homotopy Perturbation Method
(HPM), and Variational Iteration Method (VIM)—encounter significant computational limitations.
These approaches often rely on recursive correction steps, linearization, or perturbative
assumptions, which can be time-consuming and difficult to implement for highly nonlinear or stiff
systems. Moreover, the convergence of the resulting series may be slow or require many terms to
approximate the solution accurately, thereby increasing computational overhead. In contrast, the
Elzaki Projected Differential Transform Method (EPDTM) provides a direct, non-iterative
framework that simplifies implementation, improves convergence speed, and offers higher
numerical precision with reduced computational cost.

The EPDTM is utilized to investigate the fractional-order properties inherent in the system
of Korteweg-de Vries (KdV) equations. Specific illustrative cases are examined to demonstrate the
effectiveness of this approach. Results for both fractional-order and integral-order models are
obtained using this technique. Moreover, this method proves beneficial for addressing a broad
spectrum of fractional-order linear and nonlinear partial differential equations.

FRACTIONAL CALCULUS THEORY

In this study, we adopt the Caputo definition of fractional derivatives, as it allows for the use of
classical initial conditions (in terms of integer-order derivatives), which makes it more suitable for
physical and engineering applications compared to the Riemann—Liouville form.

Definition 1. The Riemann—Liouville fractional operator *D”of order ¢ is defined as follows
[39, 40]:
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0

where 0 <a <1

Definition 2: The operator /“of fractional-order Riemann—Liouville integration is formally
defined as presented in references [39, 40].
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“W) =1 I v —p)" f(p)p,
The fundamental properties of the operator are as follows:
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Definition 4. The Caputo fractional operator ‘D of order & is defined as follows [39, 40]:
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Definition 5. The fractional-order Caputo operator of the Elzaki transform is given as follows [39,
40]:

i—l 9
c na _ o« 2-a+j £(J)
B D))= 5l S50 10
Jj=0
for i—l<a<i,
The General Approach of The Elzaki Projected Differential Transform Method (Epdtm)
Let’s explore the typical structure of a fractional partial differential equation,
“Dju(y,0)+ Puly,0)+ Qu(y.0)=gy.0) i—1<a<iicn (10)

b

where P and Q denote the linear and nonlinear operators, respectively, and g represents a source
function. The initial condition can be stated as

“(Z)(V/»O):hz(‘//)a L=0172,...i—1 (11)

b

Transforming Equation (10) using the the Elzaki transformation yields:

E|* Dyuly,0)|+ E[Pu(y,0)+ Qu(y.6)]= E[g(y.0)] (12)
Applying the Elzaki differentiation yields:

Eluy.0)1= 35/ y.0)+ 5" Ele(y.0)]- 5" E[Puly0) + Ouly.6) o

=0
2

The inverse Elzaki transform converts Equation (13) to:

u<w,e)=El[isza*-fu<f><w,o>+saE[gw,e)]}—E1[saE[Pu<w,e>+Qu<w,e>]] (9

Jj=0
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Through the projected differential transform technique, we have

" (15)

Given the linearity of operator P and the nonlinearity of Operator Q, we observe the following
outcome:

n o 16
ol 0)= 5| 31570 r0)s 57 Elely.0) (19

Jj=0
5

”1( ,9):—E’I[S“E[Puo((//ﬁ)+Quo((//’ﬁ)]] (17
o © (18)

tral,0)= —E{saE{qu, v.0)+ QZu,(wﬁ)ﬂ
J=0 Jj=0 n >1

Ultimately, this produces the n-term result in series format, represented as:
”(‘/’»0): “0(Wa0)+”1( >‘9)+“2(V/30)+“3(V/a0)+---+”n( ’0) (19)
uly,0)=3 u(v.0)
The resulting series solution k=0 represents a time-domain reconstruction

of the physical system's state, where each coefficient Ui (W’Q)captures the spatial behavior
associated with the k-th time derivative of the solution. These coefficients are computed
recursively using the EPDTM framework and encode how wave features like amplitude,
dispersion, and nonlinearity evolve over time. In physical terms, the convergence of this series
ensures that the computed solution accurately reflects the underlying wave dynamics governed by
the fractional KdV system.

Applications of The Proposed Methodology (EPDTM)

To demonstrate the effectiveness and simplicity of the method, several cases concerning fractional-
order nonlinear systems of partial differential equations will be examined.

Case 1: Consider the fractional-order nonlinear Korteweg-de Vries (KdV) system, given by:

0%u o’u ou ov 0<ax<l (20)
—=—Cc_— —6cu—+6v—,
00 oy oy oy
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=—c —-3cu—,
00” oy’ oy
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with initial conditions

)= secr{ 2+ L) )= [ seon( 222 e

2

For @ = lthe exact solutions of Equation (20) from the Korteweg-de Vries scheme are provided as
follows:

¢ By cp'o (22)
u(y,6)=p* sech (2 5 5 j

v(t//,H):\/gﬁz sech2(§+ﬂ%—#j

Applying the Elzaki transform to Equation (20), we derive:

1 L o’u Ou ov (23)
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3

o’v ov
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bl - 5557 0) = e 22 -3 |

1 a, o’u ou ov (24)
STE[u(W’Q)]:SZ )(1// 0)+E{—ca - 6c uw+6vw}

< K

b5 ) -2 2

’ 25
E[uly,0)]= S%u0)(.,0)+ S° E[—caa” o f’ﬂ (25)

E[v(y,0)]= SZV(O)(I//,O)+ S“E[— c ; v3 —-3cu i}

By applying the inverse Elzaki transform to Equation (25), we obtain:

" o’u Ou ov (26)
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3
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nd uy(y,0)= B sech (? 'le//]’ vO(W,0)=\/§ﬂ2sech2(§+ﬁ7W)

Now, employing the projected differential transform method, we obtain:

unH (l//’ 9) = E [S E[An+1 + Bn+1 + Cn+1 ]] (27)

vn+1 (l//’g) =E" [S E[Dn+l + En+1 ]]

Where,
3 28
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a Vn(l//’e)
ntl T 81//3
,.,y.0)
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At n=0, we have,

u,(y,0)=E"[S“E[4, + B, +C]| (29)

v(p.0)=E"[s“E[D, + E,]|
u,( ,9)=E_{S“E{—ca3’/2("”3’9)+—6{u0 ,9)6%((//’ (V"(W’Q)W]H (30)
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ul(l/l,ﬁ)—E {S E{cﬂ tanh(2+ 5 jsech (2+ 5 ]ﬂ
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Atn=1, we have

uz(Wa‘g):Eil[ aE[Az + B, +C2]]
Vz(‘//ag)_E_l[SaE[Dz +E2]]
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Atn =2, we have
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And so on, then the result in series form is given as
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Case 2: Consider the fractional-order nonlinear Korteweg-de Vries (KdV) system, given by:

0%u ov 1 ou? O<ac<l (43)

with initial conditions
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For @ = lthe exact solutions of Equation (43) from the Korteweg-de Vries scheme are provided as
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follows:
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Applying the Elzaki transform to Equation (43), we derive
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By applying the inverse Elzaki transform to Equation (47), we obtain:
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Now, employing the projected differential transform method, we obtain:
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uz(‘/’a 9) =E" [SaE[Az + B, ]]
v,(y.0)=E"[s“E[C, + D, + E, ]|
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4 - _ov(v.0)
oy
1 0
B, Z_Ea_[”o(‘//’g)ul (‘//’9)+”1(‘//59)”0(‘//"9)]
%
LA A0
oy
3
D2 =_a 12(1/13’9)
7
0
E, = _E[uo(‘//ag)vl( 9‘9)"'”1(‘//:9)%('//9‘9)]

_ | qag| B ¢ By (9. v
uz(‘/’,ﬁ)—E { E{ 5 Slnh[ 5 jsech (2+

2

2
vZ(V/,B):E[S“E{ﬂ: (2cosh ((5 ﬁ‘//j 3jsech4[

2
__ B (e, By o, By) 6
uz(l//,H)— 5 smh(2 5 jsech (2+ 5 jF(2a+1)
(v.0)=-p [200811 (rp %)—3)sech4(§+ﬂ%

Atn =2, we have

u3(1//,6)=E_1[S“E[A3 +B3]]
vi(y,0)=E" [SQE[C3 + D, +E3]]

By = 3 Ol 0) s, O) . )]
D~ a%; 5/1,13,9)
B =l 0 0.0) .0 1. 0)]

PV
22 [4cosh [(0 ﬂl//] 5] Bo*
22 (e +1)

7p03a
uy(w,0)= po sech® ((p By

14

[4smh((g ﬁzl//)cosh ((5 ’BV/J 125mh((§ ’Bzvljcosh(
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2
v3(w,9)= ﬂS( sech (? /7'//] —30p7 cosh’ [go ﬂzy/]+30ﬁ cosh(? ﬂzl‘(/] T(3a+l)

8cosh” [(p ﬂszmh((p ﬂ'ﬂj 15s1nh(¢ ﬂlﬂ) po i
2 2 2 2 ))T(2a+1)T(Ba +1)

4cosh5(%+'&//j 6cosh’ ((p ﬂw}+4ﬂ cosh5(§+&) e (62)

And so on, then the result in series form is given as

_ ® ., By 9., Py 0° (63)
u(l//,H)—ﬁ[tanh(z 5 j J — B sech [ 5 j (a+1)
ﬁS smh((o ﬁ‘/’j ech ((o ﬁl//] 0™
2 2 2 2 2 )r2a+1)
{4smh((p ﬂy]jcosh ((p ﬁl//) 123inh((p+&jcosh((p ﬁwD
ﬂ763a s(ﬂ+ﬂ‘// 2 2 2 2 2 2 2 .
8T(3e +1) 202 ) (o [w ﬁwj WA
2 2 (e +1)
Wy, 9):—1+ ,B sech ((5 ﬂzwj lﬂ“ sinh(%+ﬂ7) sech’ (;ﬁ ﬁzwj (Z:—l) (64)

*ﬁ 2cosh’ (¢ ﬁ‘//j 3 |sech (¢+’H—V/j o
4 2 2 2 2 )TQa+1)

4cosh’ ((g ﬂ‘//j 6cosh’® (¢ ﬂzwj+4ﬂ cosh’ [¢+ﬁ2—wj
A (o, By . ﬂw) [cﬂ ﬁwj
81_(30(+1)sech [2+ 5 j —-30p° cosh’ ( 5 +303° cosh 5 +o.
(8C05h ((p ﬂ‘//}smh[¢ ﬁ!l/j 15smh(¢+ﬂljjﬂ
L 2 2 2 2 ))T(2a+1)

RESULTS AND DISCUSSION

In this section, we rigorously examined the outcomes derived from the EPDTM (Elzaki Projected
Differential Method) for both Case 1 and Case 2. Our objective was to assess and verify the
effectiveness, convergence, and accuracy of these methods by comparing them against exact
solutions. This analysis aims to establish the validity of our approach and derive meaningful
conclusions.

9 Py cpo
u(y,0)= B sech’ (2 5 5 J

3

V(W,g):\ﬁﬂzsechz[&ﬂ_w_ﬂj
Case 1: We have the exaction solution to be 2 2 2 2 , and the
numerical solution wusing EPDTM is given in equation (41) and (42) to be

B:=0.1;00:=0.5c:=5;¢ = 0.1, y :=-30,0 := 0.1
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u(y,0)=p* scchz[%+ﬂ7j+cﬁ tanh[% %jscch{%+'g7u/j I‘(z:—l)

+cZ 2cosh [7 ﬂ—j sech ((/J ’BV/) o=
2 2 +1)

4cosh’ [(g ﬂzwj 605mh((§ ﬂzchosh (‘; ﬂTy/J
sechx(ngﬂW] ple smh(2 %J
+ 2 +90sinh[£+&}:osh[£+ﬂ]
2 2 2 2

4r(3er+1)
L g (24cosh ((p ﬂz//] 84cﬁ3coshz(£+ﬂ—wj+63]
(2 +1) 20 2 PR
0 BY) N2 G2, BY ¢ Py 0"
v(y,0)= \fﬂ sech( j+ 2 p’ tanh( 5 )sech [2 5 jl‘(a+1)
Jriczﬁ8 ZCoshz(erﬂlj 3 |sech? (40 ﬂllfj o>
4 2 2 27 2 JT2a+1)
4cosh ((; 'HZW] 603inh[<§+ﬁ—y/)cosh [? ﬂ;’)
sech® [(p ﬂl//j 2193 smh((p 'Bzwj
+ 2 2 +9Osinh(£+ﬁ—w]c05h(2+ﬂl] .
8T(3a +1) 5 R
L cpo (24cosh ({p ﬂw] 84c4° cosh? [w ﬂw%mj
(20 +1) 2 DR

For case 1; at £ =0-0001,¢=0.05,0=0.00001, 3pq o =1, Figures 1 and 2 illustrate the graphical
representation of the exact solutions for u(y.0) and v, 0 ), respectively. Figures 1 and 2 present

the solutions for #(#>@)and v(¥-0) as obtained via the Elzaki Projected Differential Transform
Method (EPDTM). Table 1 presents a comparative assessment of the convergence characteristics
of fractional solutions obtained using EPDTM in relation to the corresponding integer-order
solutions and exact solutions, emphasizing the method's accuracy.
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Figure 1. Exact analytical solution of the function u(¥-0) for Case 1 of the fractional KdV
system. This plot serves as a reference benchmark for validating the numerical results obtained
using EPDTM.

Figure 2. Exact analytical solution of the function v(.0) for Case 1. This result is used to
assess the accuracy of the EPDTM in approximating the coupled system.
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Figure 3. Numerical solution of u(¥.0) for Case 1 obtained using the Elzaki Projected
Differential Transform Method (EPDTM). The solution closely approximates the exact profile
shown in Figure 1.

Figure 1. Numerical solution of V(¥ 0) for Case 1 computed using EPDTM, matching the
behavior of the exact solution in Figure 2.
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Table 1. Comparative analysis of the convergence behaviour of the fractional solutions to the integer-order solutions through EPDTM with the exact
solution for case 1

Case 1

a=0.5

EPDTM (¢ =1)

Exact (¢ =1)

Error

W

30

30

NOPOWONS—~OUOROWONDS—~OUOROWOND —S o

u

0.00197418639
3

0.00197288102
3.00197188020
3.00197103701
3.00197029457
3.00997591834
8.00997627426
3.00997654450
3.00997677039
8.00997696794
3.00165265382
3.001653771 13
8.00165462918
2.00165535304
3.001655991 15
1

y

0.00312146276
1

0.00311939879
(5).00311781634
(2).00311648314
(2).00311530922
3.01577331185

0.01577387460

0.01577430187

0.01577465903

0.01577497137

0.00261307513
(3).00261484175
3.00261619846
(9).00261734299
3.00261835 193
0

u

0.00197645738
6

0.00197557236
(1).00197468768
(6).00197380335
(9).00192791937
?).00997529015
(7).00997553747
(1).00997578354
8.00997602838
?).00997627199
3.00165071479
8.00165 146911
(1).00165222374
(1).00165297868
(1).00165373393
3

v

0.00312505351
9

0.00312365417
(3).00312225537
3.00312085713
(2).003 11945943
3.01577231861

0.01577270965

0.01577309872

0.01577348586

0.01577387102

0.00261000925
3.00261 120193
3.0026 1239511
(3).00261358878
8.00261478293
6

u

0.00197645738
5

0.00197557236
(1).00197468768
3.001973 80335
3.00 197291937
(3).00997529015
(7).00997553746
(9).009975783 54
(3).00997602837
(9).00997627197
3.00165071479
(1).00165 146911
(1).00165222374
(3).00165297868
(5).00165373393
8

y

0.00312505351
7

0.00312365417
(1).00312225537
3.003 12085712
(6).003 11945942
3.01577231861
3.01577270964
3.01577309872
8.01577348584
3.01577387100
8.00261000925
8.00261 120193
?).002612395 11
(6).00261358878
3.00261478294
4

u

0.00000000000
1

0.00000000000
8.00000000000
?).00000000000
8.00000000000
8.00000000000
8.00000000000
(2).00000000000
(3;.00000000000
3.00000000001
3.00000000000
(1).00000000000
8.00000000000
(2).00000000000
3.00000000000
5

v

0.00000000000
2

0.00000000000
(2).00000000000
8.00000000000
8.00000000000
?).00000000000
8.00000000000
(1).00000000000
8.00000000000
(2).00000000000
(2).00000000000
(1).00000000000
8.00000000000
(3).00000000000
3.00000000000
8
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u(y.,0)= ﬂ(tanh(§ + by _ ﬂzl’”] + lj,

v(t//,9)=—1+lﬁzsech [¢) Py ﬂl/l}
2 2 2 2 , and the

Case 2: We have the exaction solution to be
numerical solution using EPDTM is given in equation (63) and (64) to be

o (4sinh(§+'gzl//jcosh3[(§+ﬁ2v/j 12smh((£J ﬂzl//)cosh((g 'BZWD
AL sech(’(% Py +

2 +(4cosh2(¢+ﬂwj 5) pre
2 [(2a+1)

__ 9. By (e By s(e, By 6°
v(p,0)=-1+= /3 sech[ ZJ 2[)’ smh[2+ 5 jsech[ + j

2a
lﬂ“ 2cosh2(£+ﬂ—(//]f3 sech4(£+ﬂ—w] 4
4 2 2 2 2 )T2a+1)

4cosh5[(p+ﬁwj 6coshz[¢+ﬁ7y/j+4ﬁ cosh5(£+ﬂ7y/)
_ Bo* sech7[£+ﬁlj —307 cosh’ [(p ﬂl//j+30ﬁ cosh(w ﬂl//) +...
8T(3a +1) 2 2 2 2
8cosh [ﬁﬂ ﬂy/jsmh((p ’B‘//) 1551nh[¢ ﬁl//j po™
| 2 2 2 2 2 2 ))TQ2a+1)]

For case 2; at A=01c=50=0.1,4 a=1 Figures 3 and 4 illustrate the graphical
representation of the exact solutions for u(l//’ 6))and v(l//, (9), respectively. Figures 3 and 4 present

the solutions for u(l/l’e)and V(W’ 0) as obtained via the Elzaki Projected Differential Transform
Method (EPDTM). Table 2 provides a comparative analysis of the convergence behavior of the
fractional solutions derived through EPDTM relative to the exact solutions, highlighting the

method's precision and reliability. ¥ ==30..30,86 =0..1
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Figure 2. Exact analytical solution of u(¥-0) for Case 2 of the fractional KdV system. This
reference solution enables a direct comparison with EPDTM-based numerical results.

Figure 3. Exact analytical solution of v(9) for Case 2. Used for validating the accuracy of the
proposed EPDTM approach in solving the coupled system
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Figure 4. Numerical approximation of u(¥0) for Case 2 using EPDTM. The result
demonstrates strong agreement with the exact solution shown in Figure 5.

Figure 5. Numerical EPDTM solution for v(,9) in Case 2, exhibiting close alignment with the
exact solution from Figure 6
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Table 2. Comparative analysis of the convergence behaviour of the fractional solutions to the integer-order solutions through EPDTM with the exact
solution for case 2

Case 1 a=0.5 EPDTM (& = 1) Exact (& = 1) Error
v 0 U V [/} V U V [} V
- 0. 0.0103955228 - 0.0104208303 - 0.0104208303 - 0.0000000000  0.0000000000
30 1 3 0.999014483 4 0.999012213 3 0.999012213 0 0
0 8 8
0. 0.0103809985 - 0.0104109569 - 0.0104109568 - 0.0000000000  0.0000000000
2 1 0.999015788 0 0.999013098 9 0.999013098 1 1
1 4 3
0. 0.0103698741 - 0.0104010923 - 0.0104010922 - 0.0000000000  0.0000000000
3 2 0.999016789 1 0.999013982 9 0.999013982 2 3
3 4 1
0. 0.0103605096 - 0.0103912365 - 0.0103912365 - 0.0000000000  0.0000000000
4 6 0.999017633 6 0.999014865 3 0.999014865 3 7
7 9 2
0. 0.0103522698 - 0.0103813896 - 0.0103813896 - 0.0000000000  0.0000000001
5 7 0.999018377 6 0.999015749 0 0.999015747 6 3
8 0 7
0 0. 0.1048178454 - 0.1049459611 - 0.1049459610 - 0.0000000001  0.0000000000
1 0 0.995011609 0 0.995012231 O 0.995012231 O 1
1 2 3
0. 0.1047441039 - 0.1048960821 - 0.1048960821 - 0.0000000000  0.0000000000
2 0 0.995011255 O 0.995011985 0O 0.995011985 O 2
0 6 8
0. 0.1046875140 - 0.1048462007 - 0.1048462008 - 0.0000000001  0.0000000001
3 0 0.995010983 0 0.995011741 O 0.995011742 0 1
5 7 8
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30

e

0.1046398026
0

0.1045977650
0

0.1913490364
0

0.1913367678
0

0.1913273363
0

0.1913193735
0

0.1913123492
0

0.995010753
8
0.995010550
4
0.999172325
0

0.999171207
2

0.999170349
6

0.999169626
7

0.999168990
2

0.1047963167
0

0.1047464303
0

0.1913702954
0

0.1913620343
0

0.1913537657
0

0.1913454895
0

0.1913372059
0

0.995011499
7

0.995011259
2
0.999174265
4

0.999173510
8

0.999172755
5

0.999171999
9

0.999171243
8

0.1047963170
0

0.1047464308
0

0.1913702954
0

0.1913620343
0

0.1913537656
0

0.1913454894
0

0.1913372056
0

0.995011502
3

0.995011264
3

0.999174265
4

0.999173510
7

0.999172755
2

0.999171999
2

0.999171242
6

0.0000000003
0

0.0000000005
0

0.0000000000
0

0.0000000000
0

0.0000000001
0

0.0000000001
0

0.0000000003
0

0.0000000000
6

0.0000000005
1

0.0000000000
0

0.0000000000
1

0.0000000000
3

0.0000000000
7

0.0000000001
2
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The error analysis presented in the tables reveals that the absolute error between the EPDTM
solutions and the exact solutions remains consistently low across the spatial domain. Notably, at
representative points such as x=—30, x=0, and x=30, the numerical results maintain high accuracy,
with only minor variations due to the influence of fractional order dynamics. This demonstrates
that EPDTM offers reliable spatial convergence and maintains solution fidelity throughout the
domain, regardless of distance from the origin.

CONCLUSION

In this study, we explored the application of the Elzaki Projected Differential Transform Method
(EPDTM) to fractional-order nonlinear Korteweg-de Vries (KdV) systems. Through detailed
analysis and numerical simulations, we demonstrated the effectiveness and applicability of
EPDTM in deriving approximate solutions for these complex systems. Firstly, we established the
general approach of EPDTM for fractional partial differential equations, emphasizing its capability
to handle both linear and nonlinear operators effectively. By applying the method to fractional-
order KdV equations, we derived approximate solutions that closely approximate the exact
solutions derived from theoretical frameworks. Specifically, we examined two illustrative cases of
fractional-order nonlinear KdV systems. For each case, we conducted thorough numerical
simulations and compared the results obtained through EPDTM with exact solutions. The
comparison revealed excellent convergence and accuracy of EPDTM in capturing the behavior of
fractional-order systems over time and space domains. Our findings underscore the utility of
EPDTM in addressing challenges posed by fractional derivatives in nonlinear PDEs, offering a
robust computational tool for researchers and practitioners in various fields of science and
engineering. The method's ability to provide accurate approximations while maintaining
computational efficiency makes it particularly valuable for studying complex physical phenomena
governed by fractional-order dynamics. In addition to its numerical accuracy, EPDTM exhibits
significant computational efficiency. The method produces accurate approximations using only a
few terms in the series expansion, avoiding the iterative correction steps commonly required by
methods such as ADM or VIM. This reduction in computational effort translates into faster
runtimes and lower memory usage, making EPDTM particularly suitable for large-scale or real-
time simulations involving fractional-order systems. Looking ahead, further research could
explore enhancements and extensions of EPDTM, such as incorporating adaptive techniques or
exploring its application to other classes of nonlinear PDEs. Such efforts would deepen our
understanding and broaden the practical applications of EPDTM in modeling and analysis of
complex systems. In conclusion, this study contributes to advancing the methodology of solving
fractional-order PDEs and provides a solid foundation for future explorations in this
interdisciplinary field.
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