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1. INTRODUCTION

Convection heat transfer is characterised as thermal transfer resulting from fluid motion. Fluids
involved in convective heat transfer can be categorised into Newtonian and non-Newtonian types.
Newtonian fluid adheres to Newton's law of viscosity, while a non-Newtonian fluid diverges from this
principle. The most common Newtonian fluids include water, air, gasoline, and oils, whereas examples
of non-Newtonian fluids include blood and liquid polymers (Cengel and Ghajar, 2020). The study of non-
Newtonian fluids is more challenging than that of Newtonian fluids, as they deviate from Newton’s law
of viscosity. Nevertheless, such studies remain in demand due to their wide-ranging applications (Amera
Aziz et al., 2019; Dey et al., 2020). One category of non-Newtonian fluid utilized in numerous essential
applications is viscoelastic fluids, which demonstrate both viscosity and elasticity (Pérez-Reyes et al.,
2018). Consequently, the mathematical model of viscoelastic fluid has been independently developed
and resolved in numerous investigations over several decades since the 1960s.

Aside from using viscoelastic fluid, there are many other ways to improve heat transfer among
many other things, it could mean diluting a substance in the fluid or changing the surfaces that the fluids
interact with (Cengel and Ghajar, 2020). The employment of porous media is thought to improve heat
transmission, as the porous surface expands the overall area in contact with the fluid, hence increasing
the heat transfer rate (Ingham and Pop, 1998). Other than that, the utilisation of nanofluids and hybrid
nanofluids is nowadays increasing, as these fluids are reported to enhance heat transfer by up to double
compared to traditional fluids (Mahat et al., 2020). Nanofluid is formed when nanoparticles measuring
between 1 to 100 nanometres are dispersed in a fluid (Li et al., 2021). These special benefits have led
to the widespread usage of viscoelastic fluids and nanofluids in many different applications, including
heat exchangers, solar thermal collectors, automobile heat management, cooling electronic equipment,
and many more (Li et al.,, 2021). As industrial technology progresses, excessive heat in high-
performance computers and engineering systems poses significant challenges. To improve cooling
capacity and ensure stable operation, researchers have proposed nanofluids as advanced heat transfer
media (Ahmed et al., 2018; Ali et al., 2014; Kumar et al., 2020). In solar energy systems, likewise, the
efficiency of collectors and the thermal behaviour of the working fluid play a key role in maximizing
energy output (Hussein, 2016). As a result, scientists started researching the working medium for heat
transmission and discovered that nanofluids would be the best option (Elsheikh et al., 2018). Due to
these huge applications, many studies on convective heat transfer related to nanofluid, viscoelastic fluid
and porous medium have been performed, focusing on either free or mixed convection.

Darcy's law is frequently used to model convection in porous material. This model was expanded
by Brinkman (1947) and Chan and Barry (1970) by adding a viscous term for extremely permeable
mediums. Since then, the Brinkman model has been widely applied. In 2003, Nazar et al. (2003) used
the Keller-Box method to study mixed convection boundary-layer flow across a heated horizontal
cylinder immersed in a porous material. They found that the Brinkman and mixed convection factors
dictate skin friction and heat transmission, with bigger mixed convection values lowering both. By adding
nanoparticles, Tham et al. (2016) further integrated the Brinkman and Buongiorno models and showed
how the local Nusselt number is significantly reduced by Brinkman, Brownian motion, and
thermophoresis. The role of porosity and elasticity in convection was highlighted by Kanafiah et al.
(2022), who applied the Brinkman model to viscoelastic fluids and discovered that raising the Brinkman
and viscoelastic parameters improves heat transmission.

To the best of our knowledge, no work has been reported since then that considers the
Buongiorno (2006) nanofluid model with Brinkman flow to analyse mixed convective boundary layer flow
past a horizontal circular cylinder incorporating viscoelastic effects. This work aims to address the
existing gap. The governing equations are solved numerically using the Keller-Box method and the
influence of the viscoelastic parameter, Lewis number, Brownian number, thermophoresis parameter
and buoyancy ratio parameter on the coefficient of the skin friction, the local Nusselt number and the
local Sherwood number are analysed and presented in tables and figures. For validation purposes, the
present results are computed and compared with the results obtained by Kanafiah et al. (2021). The
embedded mixed convection in the study of fluid flow was also considered by Alam et al. (2022) in the
study of bio magnetic fluid.

2, METHODOLOGY
The research process is outlined in a flowchart. First, the equations, which are typically nonlinear
partial differential equations, are made dimensionless. This is achieved by employing non-dimensional

variables. A similarity transformation is subsequently employed to simplify the equations into a more
tractable form. The resultant equations are resolved numerically via the Keller-Box method (KBM).
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Figure 1. The Methodology Flow

The Keller-Box method is a numerical technique with a four-step process. The procedure begins
by converting the governing PDEs into a first-order system. Subsequently, this system undergoes
discretization using central finite differences. The obtained finite-difference equations are then linearized
via the method of Newton and represented in a matrix-vector format. The final numerical solution is
obtained by employing a block tridiagonal elimination technique. Around a horizontal circular cylinder of
radius a, this study analyses the coupled convection flow of a nanofluid in a porous medium. Figure 2
shows that the x -axis is measured in the usual direction, whereas the y -axis is measured along the

surface of the cylinder, starting at the lowest point of stagnation. The temperature of the surrounding
fluid is believed to be constant, while the temperature of the cylinder's surface remains constant.
Additionally, it is assumed that a steady stream is ascending vertically across the cylinder. Consider a
porous material that possesses both porosity and permeability.
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Figure 2. Fluid Flow Pattern

Given these assumptions, the equations are (Kanafiah et al., 2022; Tham et al., 2013)
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where u and v represent velocity, 7 denotes temperature, C signifies the nanoparticle volume
fraction, g indicates gravitational acceleration, «,, refers to the porous medium thermal diffusivity, ¢
represents porosity, x is the dynamic viscosity of the fluid, p, denotes fluid density, p, signifies
nanoparticle mass density, and g refers to the nanofluid’s volumetric expansion coefficient. The
coefficients included in Eq. (3) and Eq. (4) are the Brownian diffusion coefficient D, , thermophoretic

diffusion coefficient D, and buoyancy ratio coefficient D, .

The continuity equation, Eq. (1), is based on the principle of mass conservation, which asserts
that the rate of mass flow into a system equals the rate of mass flow out of the system (Cengel and
Ghajar, 2020). In the momentum equation, Eq. (2), the density of fluid as used in the momentum
equation by Kanafiah et al. (2022) is now changed into the density of nanofluid as mentioned in Tham
et al. (2013). The energy equation, Eq. (3), similarly incorporates the nanofluid term (the last term) that
includes Brownian motion and the thermophoresis parameter as described by Buongiorno (2006).
Unlike the Brinkman model of conventional fluid dynamics, this model has an additional equation which
is the concentration equation Eq. (4), developed by Buongiorno (2006), which reflects the mass transfer
of nanoparticles. All of these equations Eq. (1) — Eq. (4) are constrained by the boundary conditions
(Kanafiah et al., 2022; Tham et al., 2013)

v=0, u=0, T=T,C=C, aty=0 (5)

u—u,(x),v>0,T>T,C>C,asy >

where L_le()_C) is the external flow velocity and r=¢(pC/ /pCp) with pC; is the fluid heat capacity and

pC, is the nanoparticle material effective heat capacity.
The boundary layer approximations are defined as (Kanafiah et al., 2022; Tham et al., 2013)

x=x/a, y=P*(y/a), u=u/U,,v=P*(v/U,),0=(T-T,)/(T,-T,), (6)
p=(C-C,)/(C,-C,),u,(x)=u,(xX)/U,.

with Pe=U a/a, are substituted into Eq. (1) — Eqg. (5) to obtain the equations

du ov (7)
—+—=0
ox Oy
3 4 3 4 3 (8)
a—uzl“a—il+ L u 6u3+@6_1;+v6_t¢+6_u&_1;1 + %—Nra—q) Asin(x)
oy oy oxoy” 0Oy Oy oy" Ox oy oy oy
2 ’ (9)
Ll%—f'\/%:a §+Nba—(p%+Nt o0
ox oy Oy oy Oy oy
2 2 10
Le ua—(p+va—¢ :8_(54_&% (19)
Ox oy oy~ N, oy

and the boundary conditions Eq. (5) become
u=0, v=0, 6f=1 aty=0 (11)

u—->u,v—>0, 6->0 asy—-ow

where u, (x) =sinx . The definitions for the key parameters in the model are as follows:

¢ Brinkman parameter (I ): Measures the ratio of thermal energy produced by viscous dissipation to
thermal energy conveyed through molecular conduction.
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e Lewis number ( Le): The ratio of thermal diffusivity to mass diffusivity, important for processes with
simultaneous heat and mass transfer.

e Mixed convection parameter (A ): Indicates the relative importance of natural convection (due to
buoyancy forces) compared to forced convection.

e Buoyancy ratio parameter ( Nr ): Denotes the ratio of buoyant force resulting from concentration
gradients to buoyancy force arising from temperature gradients.

e Brownian motion parameter ( Nb): Characterizes the nanoparticles random movement within the
fluid due to collisions with fluid molecules, which enhances energy transport.

e Thermophoresis parameter ( Nt): Measures the displacement of particles in a fluid induced by a
temperature gradient, wherein particles transition from warmer to cooler areas.

r=tPe jo-tn ; _kpgh (12)
ga ¢D, U.u
#(pC,)D;(C,-C,)  4(pC,)D;(T,-T,) (p,-r..)(C,-C.)
Nb = ,Nt = ,Nr=
(pC))a, (C/)a,r. P AT, ~T.)(1-C.)

From Eq. (12), it can be seen here that the values of Nb and Nt depend on the coefficients D,
and D, respectively. While the two coefficients are contingent upon the Boltzmann’s constant (%; ),
nanofluid temperature (T ), nanoparticle diameter (dp ), nanofluid density ( 0 ), proportionality factor (

k, T
3zud,’

/3]) and the relations are D, = D, =p, %qﬁ (Buongiorno, 2006). This study exclusively

examines the models and their potential functionalities; therefore, we will consider a range of values for
Nb, Nt,and Nr inouranalysis. These values do not correspond to any specific materials, as a detailed

computation of Nb, Nt,and Nr is required for particular materials.
The non-dimensional form of Eq. (7) — Eq. (11) are then converted to solvable equations by
employing non-similarity variables

d d (13)
w=xf(x,), 0=0(x,y), p=0(x,y), u :a_'//’ v=-2Y
y ox

with y represents the function of stream. The transformed and solvable equations are shown below:

_[Q—quo]ﬂsin(x)_sinx (14)

X X

fI=Tf"—k [2]’]’"’" _ gt _(f”)z]

Ox Ox Ox
0"+ 0+ Nbp'0' + Nt (0')’ =;{f’%—%g'} (1)
¢"+Nl;a"+Lef¢' =xLe[ f'g_f_%go} (16)
subjected to boundary conditions
£(x,0)=0,1'(x,0)=0,0(x,0)=1, ¢(x,0) =1 (17)

1 (x,0) —>Siﬂ,f”(x,oo) — 0, 0(x,0) > 0,¢(x,0) > 0
X

It is observed that when Nb, Nt, Nr,and Le are diminished to zero, the case study reverts to
the scenario examined by Kanafiah et al. (2022), who analysed this model using the Brinkman-
viscoelastic framework. Furthermore, the case study is streamlined to the mixed convective boundary
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layer flow of a nanofluid around a horizontal circular cylinder within fluid-saturated porous media when
the viscoelastic parameter £, is zero, aligning with the findings of Tham et al. (2013). In fluid mechanics
and convective heat transfer, numerous dimensionless parameters are involved. The dimensionless
parameters pertinent to this subject are the skin friction coefficient C,, the local Nusselt number Nu_,

and the local Sherwood number S, . Nusselt number Nu, is a dimensionless number that represents

the convection heat transfer rate (Cengel and Ghajar, 2020). On the other hand, the skin friction
coefficient C, is a dimensionless quantity utilised to characterise boundary layer behaviour. A higher

C, signifies a reduced boundary layer, resulting in enhanced heat transfer (Harun et al., 2014). The

Sherwood number, denoted as Sh_, is a dimensionless number that signifies mass transfer. These

three numbers pertain to distinct phenomena, although collectively they elucidate the processes
involved in heat and mass transmission and they are described as follows:

' 18
C/- — 7'-w = NMV — aqw , Sh\ — ajw ( )
» onc ' k(Tw_Tao) ' DB(CW_COO)
where 7,, ¢, and j, are shear stress of the wall, the heat flux of the wall and the heat flux of the

mass from the surface of the cylinder, respectively, as shown in

it _ o _o%um _ouou or) . oC (19)
T, =l | — |tk U —=+V S +2——|. 9, =k,| —= |- J.=—D| —
oy oxdy Oy ox dy y y

where k, is the porous medium effective thermal conductivity. Substituting variables Eq. (6) and Eq.
(13) into Eq. (18) and Eq. (19) gives

(Pet /Pr)C, = x77(0), Pe Nu, ==0'(0), Pe tSh, =9 (0). (20)
where Pr=v, /¢, is the porous medium Prandtl number.

3. RESULTS AND DISCUSSION

To assess the impact of different parameters, equations Eq. (14-16) were numerically solved
subject to boundary conditions Eq. (17). The Keller-Box method was applied, in which the Newton's

linearisation technique was used to solve the equations for various parameter values of A, Nb, Nt,
and Nr at predetermined streamwise places. This methodology is based on the techniques described
by Cebeci and Bradshaw (1984). The skin friction coefficient ( C, ), the local Sherwood number ( Sh_),

and the local Nusselt number ( Nu ) are computed as well as nanoparticle volume fraction ((o(y) ),

temperature (H(y)), and velocity (f'(y)) profiles. These values and profiles were calculated for the

specified range of parameters involved at various streamwise locations: buoyancy ratio parameter,
Brinkman parameter, Lewis number, Brownian number, mixed convection parameters, and

thermophoresis parameter. In order to validate the findings, the results of f”(O) and —9'(0) when the

value of Nr= Nt =0,Nb~0(0.000001), k, =0.01, Le=2 and I'=0.1 of this study are compared with the

results documented and published in Kanafiah et al. (2021) as publicised in Table 1. From the output,
it can be seen that there is a total agreement in the result that validates the suggested calculation
correctness.

This research considers the viscoelastic parameter & to examine the effects of viscosity and
elasticity qualities. Consequently, the value of k must exceed zero to demonstrate these
characteristics. Tables 3, 4, and 5 shows the value of skin friction coefficient, local Nusselt number, and
Sherwood number for several values of £, .
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Table 1. Comparison for values of f”(0) and —&'(0)

A Kanafiah et al. (2021) Current

/"(0) —9(0) 7"(0) —0(0)
0.1 3.1752 0.6623 3.1752 0.6623
0.2 3.3972 0.6747 3.3927 0.6747
0.3 3.6068 0.6866 3.6068 0.6866
0.4 3.8175 0.6980 3.8175 0.6980
0.5 4.0252 0.7089 4.0252 0.7089
0.6 4.2300 0.7195 4.2299 0.7195
0.7 4.4317 0.7297 4.4317 0.7297
0.8 4.6310 0.7396 4.6310 0.7396
0.9 4.8276 0.7491 4.8276 0.7491
1.0 5.0218 0.7583 5.0218 0.7583

Table 2. Comparative study

Momentum Equation With Cases
Current

, ” o " 0 — Nrg|Asin(x) si Ne0k =0
preryt i [agme gy ] L RrebiinG) sine 0,k

[ " i O O }
-k g _9g Y om_ 9
lx_f ox Ox S Ox 4 ox /
Kanafiah et al. (2022)
P =k [2 7= g = () ] (0 20) 7 k=0
A AT AT }
=k g _9 Y om I
lxif ox axf +6xf 6xf
Tham et al. (2013)
f'—l"f’"—[H_Nr(p]/lsm(x)_ﬂﬂ:o Nr=0
X X
Nazar et al. (2003) -
I-Tf" -1+ 20032 <0

X

Table 3. The skin friction coefficient (Pe'E /Pr)Cf for '=0.1, A=1, Le=2, Nb=0.5, Nr=0.5 and Nt=0.5 for several k, values

kl
X
8 10 12
0.2 0.085105 0.076316 0.069794
0.4 0.169324 0.151841 0.138865
0.6 0.251787 0.225800 0.206509
0.8 0.331646 0.297434 0.272035
1. 0.408076 0.366009 0.334772
1.2 0.480287 0.430819 0.394080
1.4 0.547526 0.491195 0.449346
1.6 0.609090 0.546509 0.500002
1.8 0.664326 0.596182 0.545519
2.0 0.712641 0.639687 0.585421
2.2 0.753505 0.676555 0.619280
24 0.786454 0.706377 0.646728
2.6 0.811092 0.728805 0.667454

Table 4. The local Nusselt number Pe *Nu_ for T=0.1, A=1, Le=2, Nb=0.5, Nr=0.5 and Nt=0.5 for several k values

kl
x
8 10 12

0.2 0.242570 0.235788 0.230433
0.4 0.241881 0.235154 0.229846
0.6 0.240729 0.234080 0.228832
0.8 0.239108 0.232568 0.227404
1 0.237013 0.230614 0.225559
1.2 0.234436 0.228213 0.223392
1.4 0.231361 0.225352 0.220595
1.6 0.227772 0.222019 0.217457
1.8 0.223643 0.218193 0.213861
2.0 0.218941 0.213849 0.209786
2.2 0.213620 0.208952 0.205206
24 0.207613 0.203451 0.200081
2.6 0.200822 0.197278 0.194356
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1
Table 5. The Sherwood number thpe : for I=0.1, A=1, Le=2, Nb=05, Nr=0.5 and Nt =0.5 for several kl values

k
X
8 10 12
0.2 0.529898 0.51525 0.50369
0.4 0.528335 0.513818 0.502362
0.6 0.525816 0.511471 0.500148
0.8 0.522288 0.508179 0.497038
1 0.517734 0.503931 0.493024
1.2 0.512133 0.498710 0.488095
1.4 0.505456 0.492494 0.482232
1.6 0.497666 0.485254 0.475412
1.8 0.488711 0.476949 0.467600
2.0 0.478521 0.467525 0.458754
2.2 0.467001 0.456909 0.448814
24 0.454014 0.444998 0.437701
2.6 0.439361 0.431648 0.425302

The numerical results clearly show that when the viscoelastic parameter goes up, the skin friction
coefficient, (pe% /pr)c,_, goes down by a large amount. This is because elastic forces in the fluid limit the

diffusion of momentum near the cylinder surface. This aligns with the expected behaviour of viscoelastic
fluids, where elasticity minimizes deformation and reduces velocity gradients near the boundary (Zokri
et al., 2020). When the flow slows down near the wall and thickens the thermal boundary layer, it results
in a smaller temperature gradient, and therefore, the local Nusselt number is lowered. As for the
Sherwood number, viscoelasticity makes mass transfer less effective, which makes the Sherwood
number smaller. For a better view, the effect of the viscoelastic parameter on the skin friction coefficient

(Pe%/pr)cf and on the local Nusselt number Pe*%Nux are illustrated in Figure 3(a) and 3(b).

@ (b).

crpe"?Pr

0.19

-1
Figure 3. Effect of £, =8,9,10,11,12 on (a) skin friction coefficient (Pe5 /Pr)C, and on (b) local Nusselt number Pe ‘NMX with

for r—o0.1, a=1, ze=2, Nb=05, Nr=05 and nr=o.5

Figure 4 shows the behaviour of the velocity profiles s’(,) and temperature profiles ¢(y) for
various values of the viscoelastic parameter at x=0 for [=0.1, A=1, Le=2, Nb=0.5, Nr=0.5 and
Nt =0.5.1tis observed in Figure 4(a) that the velocity profiles s'(,) decrease as  increases. Itis also
noticed in Figure 4(b) that temperature profiles decrease with an increase in the value of & .

(@) 1 (b)

Ir e 08 F

0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8

y ]
Figure 4. Effect of k, =89,10,11,12 on (a) velocity f'(0) and (b) temperature §(0) at v—o forr—o.1, 2=1, re=2, nv=05,

~Nr=05 and ar=o.s
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Figure 5 shows the effect of i, on the behaviour of the nanoparticle volume fraction profiles ¢ ()
indicating that the thickness of the mass fraction boundary layers decreases with increasing values .

0.8

0.6

o 1 2 3 4 5 & 1 s
y

Figure 5. Effect of £ =89,10,11,12 on nanoparticle volume fraction ¢(0) at x—o for r—o.1, 2=1, Le=2, Np=05, Nr=05

and ar-o.s

Figure 6 and 7 show the variation of the skin friction coefficient (pe%/Pr)c,. and local Nusselt

number Pe*%Nu,r versus the Brownian number Nb and the thermophoresis parameter Nt. In Figure 6,
the increase in the value Brownian number increases the skin friction coefficient but decreases the local
Nusselt number. The same goes to the thermophoresis parameter as shown in Figure 7. The local
Nusselt number diminishes as the parameters Nb and Nt grow due to the augmented volume of
nanoparticles that are moving away from the wall. As a result, the rate of thermal transfer diminishes.

0.9 T T T T . 0.35

os | _ (@) ®) |
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Figure 6. Effect of Nb=0.2,0.5,1,1.5,2.0 on (a) (Pe%/Pr)C,. and (b) Pe’Nu,with x for r—o.1, 221, ze=2, k=8, amr—o0s

and nr=o0.5

- (a)l ®) |

0 0.5 1 1.5 2 2.5 3 0.5 1 1.5

%)
&)
n
w

Figure 7. Effect of Nt =0.25,0.5,0.75,1,1.25 on (a) (Pe%/Pr)C, and (b) Pe Nuwith x for r—o.1, 11, ze—2, k =8,

~Nr=05 and yp=o0.5
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4, CONCLUSION

The research of a Brinkman-viscoelastic nanofluid using Buongiorno model flowing over a circular
cylinder with horizontal orientation by considering a constant wall temperature boundary condition is
presented. The model's governing equations are reduced to a solvable form by applying the non-
dimensional and non-similarity variables. The numerical solutions are checked against prior work that
used the Keller-Box method to confirm their accuracy. This study shows that the viscoelastic properties
of a fluid increase the skin friction but decrease the local Nusselt number. This means that the wall
transfers heat to the fluid more slowly or it can be said that a viscoelastic fluid moves less heat away
from the wall. So, it is not always true that a fluid’s viscoelastic properties make the convective heat
transfer rate faster. Regarding nanofluids, their nanoparticles do not always enhance heat transmission.
It is dependent on both the volume fraction and the thermal conductivity of the nanoparticles. As for the
recommendations, one possible approach is to decrease the concentration of polymer-based
viscoelastic additives or select fluids with lower elasticity. Additionally, we could employ nanofluids
containing high-conductivity particles or consider diluting multiple types of particles within the fluid to
create a hybrid nanofluid. Since the Buongiorno model is being utilized, these are expressed in terms

of the values of Nb (Brownian motion parameter), Nr (buoyancy ratio parameter), and Nt

(thermophoresis parameter). With various nanoparticles employed, distinct values of Nb, Nt and Nr
need to be applied. So, for further analysis, it is recommended to examine these values in detail as
outlined by Buongiorno (2006).
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