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ABSTRACT 

 

In this paper, we investigate the vertex decomposability of clique complexes associated with 

simple graphs and establishes a structural characterization based on forbidden induced 

subgraphs. We prove that the clique complex CL(G) is vertex decomposable if and only if the 

underlying graph G contains no induced subgraphs isomorphic to 2K2, C4, or C5. The proof 

proceeds by demonstrating that such graphs and their complements are chordal, implying that 

their independence complexes are vertex decomposable. Since the independence complex of 

the complement graph coincides with the clique complex of G, the desired result follows. 

Furthermore, important algebraic consequences are derived: every vertex decomposable 

complex is shellable and hence partitionable, implying the validity of Stanley’s conjecture for 

the corresponding face ring K[CL(G)]. Thus, this work introduces a new class of vertex 

decomposable flag simplicial complexes arising from graphs free of 2K2, C4, and C5. The results 

provide a significant combinatorial framework connecting chordal graph theory, simplicial 

complex decomposability, and algebraic properties of Stanley-Reisner rings. 

 

Keywords: Vertex decomposable complex; Clique complex; Chordal graph; Flag simplicial 
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1. INTRODUCTION  

 

 The study of simplicial complexes arising from graphs has long served as a bridge 

between combinatorial topology and commutative algebra. Among the various structural 

properties of simplicial complexes, vertex decomposability plays a fundamental role due to its 

strong implications for shellability, partitionability, and algebraic behavior of the associated 

Stanley-Reisner rings. Understanding the conditions under which such combinatorial structures 

exhibit vertex decomposability provides deep insight into both the topological and algebraic 

nature of the underlying graphs (Björner, 1995; Conca and De Negri, 1999; Hachimori, 2008; 

He and Tuyl, 2010). In this context, clique complexes, constructed from the cliques of a graph, 

form an important subclass of simplicial complexes, especially as they are closely related to 

flag complexes. Previous work by Dochtermann and Engström (2009) showed that the 
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independence complex of a chordal graph is vertex decomposable, establishing a crucial 

connection between chordal graph theory and simplicial topology. Building upon this 

framework, the present study focuses on characterizing graphs whose clique complexes possess 

this desirable property. We demonstrate that the clique complex CL(G) is vertex decomposable 

precisely when the graph G contains no induced subgraphs isomorphic to 2K2, C4, or C5.  

Let R=K[x1 ,…,xn], where K is a field. Consider a simple graph G with vertex set 

V(G)={1,…,n} and edge set E(G). The edge ideal of G is the quadratic squarefree monomial 

ideal defined as: 
  

I(G)=(xixj : ij ∈ E(G)) ⊂ R. 
 

An independent vertex set of a graph G is a set of vertices in which no two vertices are 

adjacent. The independence complex of G, denoted by Δ(G), consists of all independent sets of 

G. The clique complex CL(G) is the simplicial complex whose faces correspond to all complete 

subgraphs of G.  

One of the central topics in combinatorial commutative algebra concerns Stanley’s 

conjectures, which have been the subject of extensive research. For a Nn-graded ring R and a 

Zn-graded R-module M, Stanley (1982) conjectured that: 
 

depth(M) ≤ sdepth(M) 
 

He further conjectured that every Cohen-Macaulay simplicial complex is partitionable. 

Herzog et al., (2008) later proved that the conjecture on partitionability is a special case of 

Stanley’s first conjecture.  

This paper is organized as follows. In Section 2, we recall essential definitions and 

preliminary results. In Section 3, we prove that the clique complex CL(G) is vertex 

decomposable whenever G does not contain 2K2, C4, or C5 as an induced subgraph. As a 

consequence, we show that Stanley’s conjecture holds for K[CL(G)]. Finally, we identify a class 

of vertex decomposable flag simplicial complexes, thereby extending the connection between 

graph theory, topology, and combinatorial algebra. This result not only extends known 

relationships between chordal graphs and decomposable complexes but also yields significant 

consequences in the validation of Stanley’s conjecture and the structural classification of vertex 

decomposable flag simplicial complexes. 

 

2. PRELIMINARIES 

 

Definition 2.1 A simplicial complex ∆ over a set of vertices V = {x1, . . . , xn}, is a 

collection of subsets of V, satisfying: 

(a) {xi} ∈ ∆, for all i; 

(b) if F ∈ ∆, then every subset of F (including the empty set) is also in ∆. 

An element of ∆ is called a face, and complement of a face F is Fc = V \ F. The 

complement of the complex ∆ = ⟨F1, . . . , Fr⟩ is ∆c = ⟨F1
c, . . . , Fr

c⟩. The dimension of a face F 

is dim F = |F| − 1, with dim ∅ = −1. Faces of dimension 0 and 1 are called vertices and edges, 

respectively. A non-face of ∆ is a subset F ⊆ V not belonging to ∆; minimal such subsets from 

the set N(∆). Facets are maximal faces under inclusion, and dim ∆ is largest facet dimension. A 

complex is pure if all facets have the same dimension. If F(∆) = {F1, . . . , Fq} denotes the facet 

set, then ∆ = ⟨F1, . . . , Fq⟩. A complex with one facet is a simplex. A subcomplex Γ ⊂ ∆ satisfies 

F(Γ) ⊂ F(∆). For a vertex v ∈ V, the deletion is: 
 

∆ \ v = ⟨F ∈ ∆: v ∉ F⟩. 
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The link of a face F is  

Link_Δ(F) = {G ∈ Δ : G ∩ F = ∅, G ∪ F ∈ Δ}. 

For a vertex v, 

Link_∆(v) = {F ∈ Δ : v  ∉ F, F ∪ {v} ∈ Δ}. 
 

Definition 2.2 Let ∆ be a simplicial complex on the vertex set {x1, . . . , xn}. For any 

subset F ⊂ {x1, . . . , xn}, define: 

xF= ∏ xi 

    xi∈ F 
 

The facet ideal of ∆, denoted by I(∆), is the ideal of S = K{x1, . . . , xn} generated by 

squarefree monomials {xF :  F ∈ F(∆)}. The non-face ideal or the Stanley-Reisner ideal of ∆, 

denoted by I∆, is the ideal of S generated by square-free monomials {xF : F ∈ N(∆)}, where 

N(∆) is the set of minimal non-faces of ∆. The corresponding quotient ring  
 

K[∆] := S / I∆   
 

is called the Stanley-Reisner ring of ∆. 

Definition 2.3 A simplicial complex ∆ is said to be vertex decomposable if it satisfies 

one of the following recursive conditions: 

(a) Δ is a simplex; or 

(b) There exists a vertex v such that: 

Both the deletion Δ ∖ v and the link linkΔ (v) are vertex decomposable; and No face of 

linkΔ (v) is a facet of Δ ∖ v. A vertex v that satisfies condition (b) is called a shedding vertex of 

Δ. 

Definition 2.4 A simplicial complex ∆ is shellable if its facets can be ordered F1, . . . , Fs 

such that, for all 1 ≤ i < j ≤ s, there exists some vertex v ∈ Fj \ Fi and some l ∈ {1, . . . , j − 1} 

with 

Fj \ Fl = {v}. 
 

Definition 2.5 A simplicial complex is a flag complex if all minimal non- faces have 

exactly two elements. 

 Definition 2.6 A graded S-module M is called sequentially Cohen-Macaulay (over K), if 

there exists a finite filtration of graded S-modules, 
 

0 = M0 ⊂ M1 ⊂ · · · ⊂ Mr = M 
 

such that each Mi/Mi−1 is Cohen-Macaulay, and their Krull dimensions strictly increase: 
 

dim(M1/ M0) < dim(M2/ M1) < · · · < dim(Mr/ Mr−1) 
 

A simplicial complex ∆ is (sequentially) Cohen-Macaulay over K, if the Stanley–Reisner 

ring K[∆] = S / I∆ is (sequentially) Cohen-Macaulay. A simplicial complex ∆ is disconnected, 

if the vertex set V can be partitioned into disjoint subsets V1 ∪ V2 such that no face of Δ contains 

vertices from both V1 and V2. Otherwise, Δ is connected.  

Definition 2.7 A graph G is chordal if every cycle of length strictly greater than three 

contains a chord, where a chord is an edge connecting two non-consecutive vertices in the cycle. 

Definition 2.8 Let V1 be a subset of the vertex set V of a graph G. The vertex-induced 

subgraph of G on V1, denoted by G[V1], is the subgraph whose vertex set is V1 and whose edge 

set consists of all edges of G with both endpoints in V1.   
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3. VERTEX DECOMPOSABILITY ON THE CLIQUE COMPLEXES 

 

 As the main result of this section, the clique complex CL(G) associated with a simple 

graph G is vertex decomposable if G contains no induced subgraphs isomorphic to 2K2, C4, or 

C5`. This result builds upon the work of Dochtermann and Engstrom (2009), who proved that 

for chordal graphs G, the independence complex Δ(G) is vertex decomposable. By 

demonstrating that the absence of these specific induced subgraphs ensures G and its 

complement G′ are chordal, it follows that Δ(G′) = CL(G) is vertex decomposable. 

Consequently, an important algebraic consequence is derived: Stanley's conjecture holds for 

the face ring K[CL(G)]. This theorem contributes significantly to the understanding of the 

interplay between graph-theoretic properties and topological-algebraic structures of the 

associated simplicial complexes.  

 

3.1. Theorem - Vertex Decomposability of Clique Complexes 

  

 Let G be a simple graph. If G does not contain any induced subgraph isomorphic to 2K2, 

C4, or C5, then the clique complex CL(G) is vertex decomposable.  

 Proof. Since any cycle Cn with n > 5 contains 2K2 as an induced subgraph, the absence of 

2K2, C4, and C5 as induced subgraphs implies that G has no induced cycles longer than triangles 

(i.e., C3). Hence, G is chordal. The same forbidden induced subgraph condition applies to the 

complement graph G′, implying that G′ is also chordal. This holds since the complements of 

2K₂, C₄, and C₅ are also of the same forbidden types, ensuring that the condition applies equally 

to G′.  

By Dochtermann and Engström's (2009) result, the independence complexes Δ(G) and 

Δ(G′) are vertex decomposable because G and G′ are chordal. Since Δ(G′) = CL(G), so CL(G) 

inherits vertex decomposability. This theorem thus links forbidden induced subgraph conditions 

with strong topological and combinatorial properties of clique complexes associated with G. 

Let R be a standard graded K-algebra over an infinite field K, i.e,  
 

R = ⨁Ri 

   i≥0 
 

with R0 = K and generated by R1. The depth of R is the maximal length of a regular R-sequence 

consisting of linear forms. For F ⊆ [n], define the sqaurefree monomial  
 

xF= ∏ xi 

    i∈ F 
 

and let Z ⊆ {x1, . . . , xn}. The K-subspace  
 

xF K[Z] ⊆ S = K[x1, . . . , xn] 
 

is generated by monomials of the form xFu, where u a monomial in the polynomial 

subring K[Z] ⊂ S. It is called a squarefree Stanley space if {xi : i ∈ F} ⊆ Z. The dimension of 

this Stanley space is |Z|. Given a simplicial complex ∆ on { x1, . . . , xn }, a squarefree Stanley 

decomposition D of K[∆] is a finite direct sum of squarefree Stanley spaces  
 

K[∆] ≅ ⨁ui K[Zi] 
i 
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The Stanley depth of a decomposition D, denoted sdepth(D), is the minimal dimension of the 

Stanley spaces in D. The Stanley depth of K[Δ] is defined as 
 

sdepth(K[∆]) = max{sdepth(D)} | D is a Stanley decomposition of K[∆]}. 
 

Stanley (1982) conjectured that for any such ring, 
 

depth(K[∆]) ≤ sdepth(K[∆]). 
 

Furthermore, Stanley conjectured that every Cohen–Macaulay simplicial complex 

is partitionable. A simplicial complex Δ with facets G1,…,Gt is partitionable if it admits a 

partition  

       t 

Δ = ⨆ [Fi, Gi] 

                i=1 
 

where each [Fi, Gi] is the inerval of faces satisfying Fi ⊆ H ⊆ Gi. 

Herzog et al., (2008) and Herzog and Hibi, 2011 proved that for a Cohen-Macaulay 

simplicial complex ∆, the inequality depth(K[∆]) ≤ sdepth(K[∆]) holds if and only if ∆ is 

partitionable. Since vertex decomposable complexes are shellable and each shellable complex 

is partitionable, the vertex decomposability of a simplicial complex implies Stanley’s 

conjecture holds for the associated ring. As a consequence of the results proved here regarding 

vertex decomposability of CL(G) for graphs avoiding induced 2K2, C4, or C5, it follows that 

Stanley’s conjecture holds for K[CL(G)].  

 

3.2. Corollary 

  

 Let G be a simple graph. If G does not contain a 2K2, C4, or C5 as an induced subgraph, 

then the clique complex CL(G) is partitionable, and Stanley’s conjecture holds for K[CL(G)].  

Proof. Since each vertex decomposable simplicial complex is shellable and every shellable 

complex is partitionable, the vertex decomposability result established in Theorem 3.1 

immediately implies the partitionability of CL(G). Consequently, Stanley’s conjecture follows 

for K[CL(G)]. Moreover, it is well-known that the clique complex of any graph is flag. Thus, 

the following corollary identifies a class of vertex decomposable flag simplicial complexes. Let 

G be a simple graph. If G does not contain 2K2, C4, or C5 as induced subgraphs, then the clique 

complex CL(G) is a vertex decomposable flag simplicial complex. These corollaries tie together 

important topological and algebraic properties, illustrating that graphs avoiding these specific 

induced subgraphs give rise to highly structured and well-behaved clique complexes. 

 

4. CONCLUSION  

 

In conclusion, the results in this section establish that if a simple graph G does not contain 

2K2, C4, or C5 as induced subgraphs, then its clique complex CL(G) is vertex decomposable. 

This follows from showing that both G and its complement G′ are chordal, leading to vertex 

decomposability of their respective independence complexes. Since CL(G) corresponds to 

Δ(G′), the property transfers to the clique complex. As every vertex decomposable complex is 

shellable and every shellable complex is partitionable, Stanley’s conjecture holds for the 

associated face ring K[CL(G)]. Consequently, the clique complexes of such graphs constitute a 

distinguished class of vertex decomposable, partitionable flag simplicial complexes.  
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