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ABSTRACT

Compressive strength is a key indicator of cement performance. The 28-day
compressive strength is a benchmark for compressive strength development.
In most studies, compressive strength data are treated as precise values.
However, compressive strength measurements inherently involve uncertainty
due to experimental variability, material heterogeneity, and testing conditions.
This uncertainty suggests that compressive strength may be appropriately
represented as a fuzzy number and analysed using fuzzy regression. This
study aims to investigate the use of integrated k-nearest-neighbour fuzzy
regression (I-KNNFR) to predict the triangular fuzzy number of the 28-day
compressive strength of cement mortar. For each prediction point, the method
constructs a possibilistic fuzzy regression model using locally similar
observations identified through the nearest-neighbour mechanism. The I-
KNNFR was developed to address issues in possibilistic fuzzy regression
related to global modelling, outliers, and over-constrained problems. Its
predictive performance was evaluated using 10-fold range-preserved
controlled cross-validation and compared with that of possibilistic fuzzy
regression based on mean squared error (MSE) and mean relative distance
(MRD). The best predictive performance was achieved when I-KNNFR used
nine nearest neighbours and the Euclidean distance. Compared with
possibilistic fuzzy regression, |-KNNFR reduced MSE and MRD by
approximately 85% and 83%, respectively, indicating a substantial
improvement in predictive performance. In conclusion, I-KNNFR more
effectively captures local strength-development patterns through fuzzy
modelling. It outperforms possibilistic fuzzy regression in predicting the
triangular fuzzy number of the compressive strength. By using locally selected
neighbours, it also represents the uncertainty associated with 28-day
compressive-strength prediction.
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1. INTRODUCTION

Cement is an essential material for global infrastructure development. According to Wahyuni et
al. (2025), the main purpose of cement is to bind aggregates into a solid and durable mass, which is
necessary for the construction of buildings, roads, and other infrastructure projects. Compressive
strength is an important parameter used in the cement industry to assess cement quality. It measures
the maximum load per unit area that a hardened cement paste or concrete specimen can endure before
failure under uniaxial compression (Siddique & Mehta, 2014). The compressive strength value indicates
the qualities of concrete, encompassing quality and durability (Al Biajawi et al., 2022). This statistic
indicates a concrete structure's capacity to endure the applied load. In a cement production facility, there
exists a standard for this indicator that all cement factories are required to adhere to. In Indonesia,
ordinary Portland cement (OPC) is governed by the standard SNI 2049:2020 (Maryoto et al., 2020).

Routine compressive-strength testing is a vital procedure before cement is sold to the market.
This indicator is continuously monitored for every production batch to ensure it remains within an
acceptable limits. Testing of compressive strength can be viewed as an estimation of the structure's
reliability. This is conducted as part of the quality control procedure (Tur & Derechennik, 2018).
Monitoring this indicator typically involves assessing the development of compressive strength at the
3rd, 7t and 28t days. The 28t day serves as a benchmark in compressive strength evaluation because,
during the first 28 days, strength develops significantly, as shown by Sajedi (2012) and Mohan et al.
(2025). Onijure et al. (2023) also found that ordinary Portland cement concrete (OPC) reaches its
maximum compressive strength after 28 days of hydration. Theoretically, cement’s 28 day compressive
strength is influenced by the complex interaction of its chemical and physical properties, including the
proportions of major oxides (such as SiOz, Al20s, Fe203, CaO, MgO and SOs), parameters related to
burning efficiency (such as loss on Ignition/Lol) and fineness of cement particles (such as residue on
45-micron sieve). This interaction leads to unavoidable variability in compressive strength, even under
controlled laboratory conditions. Therefore, modelling the 28-day compressive strength is important to
understand these influences, predict performance consistently, and support quality control and process
optimisation in cement manufacturing.

Some studies model the compressive strength of cement or concrete using multiple regression
or other machine learning approaches, such as ANN, SVR, KNN-regressor, random forest, response
surface, and hybrid artificial intelligence techniques (Safiuddin et al., 2016; Hameed & Al Omar, 2020;
Shaaban et al., 2025; Zhang et al., 2025). Most of these studies assume that the relationship between
compressive strength and its explanatory variables is deterministic and free of measurement
uncertainty. However, in practice, the development of compressive strength may be heterogeneous.
Cement specimens with similar chemical and physical characteristics may exhibit different compressive
strength values, as observed in laboratory testing. This variation may arise from the inherent features
of the hydration process, variations in raw materials, testing conditions, and other factors that may be
difficult to observe. Therefore, there is uncertainty in the compressive strength. In this context, the
compressive strength may not be sufficiently represented by a single crisp value but may be
appropriately expressed as a range of plausible values. In addition, the relationship between cement
characteristics and the compressive strength may be heterogeneous across local regions of the input
space. For both reasons, a single deterministic regression cannot adequately capture these
uncertainties and heterogeneous patterns arising from incomplete knowledge of the system.

In this context, fuzzy regression offers a conceptually and practically appropriate alternative
because it explicitly incorporates uncertainty within the modelling framework. In the fuzzy regression
framework, variables are represented as fuzzy numbers, one of which is in the triangular form. The fuzzy
number is characterized by a membership function that represents the degree of possibility of a specific
value. In fuzzy regression, model parameters are also represented as fuzzy numbers. As a result, fuzzy
regression provides predictions as fuzzy intervals, indicating not only the most likely strength value but
also its potential range, along with corresponding degrees of possibility. For industrial practitioners,
including those in the cement industry, such information is more meaningful: for example, a predicted
28-day strength of 50 MPa with a fuzzy interval of [48, 52] MPa provides a clearer sense of tolerance
and reliability than a single-point estimate.

Possibilistic fuzzy regression is a widely used fuzzy regression method for capturing uncertainty
in both the data and the relationships among variables. In the possibilistic framework, the regression
parameters are estimated by solving a linear programming problem that minimizes the total spread of
the model parameters. Several issues are encountered with this approach, including the widening the
spread as more observations are included and the possibility of degeneracy and multiple optimal
solutions. These issues motivate the exploration of a local fuzzy regression formulation based on the
information from nearby observations. In this approach, the k-nearest-neighbour (KNN) algorithm serves
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as a neighbourhood-selection mechanism rather than directly averaging the neighbouring responses.
For each prediction point, KNN identifies training observations with the most similar chemical and
physical characteristics. These observations are then used to construct a local possibilistic fuzzy
regression model. This procedure allows the model to adapt to local strength-development patterns,
limits the influence of distant or atypical observations, and reduces the number of observations involved
in each linear programming formulation. This approach is referred to as the integrated k-nearest-
neighbour fuzzy regression (I-KNNFR).

This study aims to investigate the use of I-KNNFR to predict the triangular fuzzy number for the
28-day compressive strength of cement mortar. In addition, the predictive performance of I-KNNFR is
compared with possibilistic fuzzy regression.

2. METHODOLOGY
2.1. Fuzzy Number

Suppose X is a classical crisp set of objects whose generic element is denoted x. The
membership of x in a subset A of X is a characteristic function from X to a valuation set {0, 1} such that

e ={; X4 &

(Dubois & Prade, 1980). If the valuation set is a real interval [0,1], A is called a fuzzy set (Zadeh, 1965).

Definition 1 (Chaira, 2019)
If X is a collection of objects denoted by x, then a fuzzy set A in X is a set of ordered pairs:

A= {(x, uzl (x)xeX} ©)

uz(x) is called the membership function or degree of membership of x in A that maps X to the
membership space M. The degree of membership ranges from [0,1], where "0" denotes the absence of
that element in A and "1" denotes its complete existence. Intermediate values indicate partial presence
of an element in a 4 (Chaira, 2019).

Definition 2 (Chaira, 2019)
A fuzzy number A is a fuzzy set on real numbers R, such that A is piecewise continuous, convex,
is normal, monotone ascending in the interval (—~, m), and monotone descending in the interval (m,«).

Definition 3 (Bector & Chandra, 2005)
A fuzzy number A is called a triangular fuzzy number (TFN) if its membership function pz(x) is given by:

0 , x<aqorx>ay,
xX—q <<
— , gy <x<a
pa(x) = a—aq L 3)
a, —x
,a<x<ay
a, —a

The triplet 4 = (a;, a, a,) is usually used to denote the TFN 4. Let ¢, = (a — a;) and ¢z = (a, — a)
are the left and right spreads of TFN A. If ¢, = cx = ¢, the TFN is said to be symmetrical, otherwise
asymmetrical. A symmetrical TFN is commonly presented by A = (a,c) with ¢ is the spread of
symmetrical TFN.

2.2. Fuzzy Regression

Ordinary least squares (OLS) Regression is a basic and powerful statistical method in data
analytics. It continues to be widely applied in recent scientific studies, including earth geophysics,
biological sciences, chemical sciences, environmental sciences, health sciences, engineering,
marketing, social sciences, and education (Zakaria et al., 2023; Lam et al., 2023; Kalwa et al., 2023;
Sunar et al., 2024; Gupta et al., 2024; Asanre et al., 2024; Rezaei, 2025; Jia, 2025; Nelson et al., 2026).
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Using this analysis, data are treated as precise measurements. In many real-world problems,
information is often fuzzy, imprecise, or even described linguistically. It is also often found that the
relationships among variables are unclear. In this situation, single-value observations are inadequate,
and the OLS regression becomes limited. Fuzzy regression was developed to model the relationship
between a response variable and a set of explanatory variables in a fuzzy environment. The basic model
of fuzzy regression is:

Y = AO + A‘1X1 + AZXZ + -+ Aqu (4)

where Xjs are explanatory variables that may be crisp (nonfuzzy) or fuzzy. /I]-s are fuzzy regression
coefficients which are expressed as a fuzzy number. Accordingly, the model response, Y, is also a
fuzzy number.

Two general approaches can be used to estimate the coefficients of a fuzzy regression model:
the possibilistic and the least-squares approaches. Possibilistic regression was first proposed by Tanaka
et al. (1982). This method integrates regression concepts with fuzzy set theory introduced by Zadeh
(1965).

Using possibilistic regression, it is assumed that /Ij are symmetrical TFNs expressed as A]- =
(aj, ¢j). As a consequence, Y, = (my,w;) (i =1,2,...,n) with mode and spread are m; = Zj.’zo a; x;; and
w; = ¢ + Z;?:I ¢; |x;|, respectively. The fuzzy coefficients are estimated by solving a linear programming
problem aimed at minimising the total spread of all coefficients, which is formulated as

= q
Z=minnco+zz_ lexijl
i

<a0 + Zj:1ajxij) - (1 - h) (CO + ijl C]|XU|> < (yl — (1 — h)ei
<a0 + Zj=1ajxij) + (1 - h) (CO + Zj=1 cj|x,-j|> = (y, + (1 — h)e,-

CjZO
i=12.,mj=01..q (5)

subject to

where y; and e; are mode and spread of the ith observed TFN, respectively; and h is h-certain factor.
This linear programming solution is determined using the simplex method.

2.3. k-Nearest Neighbour Regressor

The k-nearest neighbours (KNN) regression is a supervised machine learning technique typically
used to predict the response for a new observation. KNN regression infers a function (learner) from a
collection of training samples called a training dataset that consists of pairs of an input vector and a
desired response value. This approach works by exploring the entire training dataset to identify the k
most similar instances, which serve as the basis for predicting the output of a new observation (Song et
al., 2017; Kohli et al., 2021).

Let X = {(x;,y,)}}L, be a training dataset that is formed by N samples. Each sample x; =
(xu,xzz, ...,xl-q) is a vector of explanatory variables that contains q features, and y denotes the response
variable. Given a new query sample denoted as z. The predicted response value for z is determined by
identifying the k most similar observations to z. These observations define a set of z's nearest
neighbours, which are used in the subsequent step to predict z's response. The predicted response
value for z is computed as a weighted-average of the responses of its selected nearest neighbours. In
general, the weight assigned to the ith observation is inversely proportional to the distance between z
and the ith observation (Kumbure et al., 2020; Fathabadi et al., 2022).

The distance metric is crucial to the KNN algorithm. The Minkowski distance is a widely used
metric for measuring the closeness of two observations. Suppose the ith and jth observations are
denoted as X; and X;, respectively, where X; = (x;;, Xi2, .- Xig) € R?and X; = (xj1, Xjz, .., Xjq) € R
The Minkowski distance between X; and X is defined as:

478 |Page



Yozza et al. | Volume 14, Issue 3, Page 475-485 (2026)
Journal of Science and Mathematics Letters

q ’
dup (X0, X;) = <Z|xil - sz|p> p=1 (6)
=1

Different distance measures are obtained by setting different p. For instance, the Euclidean distance
can be considered as the Minkowski distance with p = 2.

2.4. Integrated KNN Fuzzy Regression

Using possibilistic fuzzy regression, regression coefficients are estimated by solving the linear
programming problem formulated in Eq. (5). Increasing the number of data points increases the number
of constraints, potentially leading to an over-constrained problem. To address this issue, the number of
observations involved in the linear programming formulation must be reduced. A strategy is to remove
inconsistent data using rough set theory, as suggested by Rahmi et al. (2025). For the same purpose,
this study introduced the integrated k-nearest neighbour fuzzy regression (I-KNNFR). This approach
integrates Tanaka’s possibilistic fuzzy regression with the k-nearest neighbours algorithm.

Suppose a training dataset consists of n tuples of data, (X,-,Yi); i=1,2,..,n where X; =
(Xi1, Xiz, -, Xiq) is a vector of crisp explanatory variables and Y, is a fuzzy response that is presented as

a symmetrical TFN, denoted as ¥; = (v, y,3,) = (¥ — e,y,¥ + €). Suppose there is a new query with an
unknown fuzzy response, denoted by z. The proposed algorithm for predicting TFN for z, (¥,,9,9,) =
(9 —879,9+¢é) is as follows.

a) Calculate the appropriate distance between z and all observations in the training data.

b) Set the number of nearest neighbours (k) and identify the k nearest neighbours, which are
the observations in the training dataset that are closest in distance to z.

c) Based on its k nearest neighbours, estimate the fuzzy linear regression model between
the fuzzy/crisp dependent variable and the crisp independent variables, using possibilistic
regression explained in Section 2.2.

d) Use the resulting model to predict the TFN for the new observation. The predicted TFN of
the dependent variable for the new observation z is

e)

YZ = AO,Z + Al,le + AZ,ZXZ + -+ Aq,zXq (7)

It is important to note that Tanaka'’s fuzzy regression model provides only a fuzzy prediction for a
new observation with predictor values within the range of the dataset used to generate the fuzzy model.
Extrapolation beyond the X range in the training dataset carries the risk of producing an invalid TFN
(Skrabanek & Martinkova, 2021).

2.5. Performance Measure

The accuracy of the predicted fuzzy outcome is calculated based on the distance between
membership functions of two outcome TFNs, namely the observed outcome’s TFN, denoted by ¥ = (y,,

¥, ¥.), and the predicted outcome’s TFN, denoted by Y= 91,9, 9u). Suppose uy,(x) and pj, (x) are

membership functions of ¥ and 7. The general formula for the relative distance between those fuzzy
membership functions is

Jsgus, |13,() = w5, ()| dx
Dr=—— ®
J‘S? :uf/i(x)dx

where Sy and S; are supports of 7 and ¥ (Kim & Bishu, 1998; Skrabanek & Martinkova, 2021 ).
Another metric is mean squared error (MSE), formulated as

n
1
MSE = ZZ()’H =9+ i = 9% + G — Jui)? C))

i=1
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3. RESULTS AND DISCUSSION

The data used are secondary, sourced from the laboratory's daily records at a cement plant in
Indonesia. The response variable is the 28-day compressive strength of cement, defined as the
maximum load per unit area applied to cement mortar or concrete until the material fails 28 days after
hydration. It is calculated by applying a load to a test specimen, typically in the form of mortar or concrete
moulded into a cylinder or cube. The load is increased continuously until the test specimen fails, and
the load at failure determines the compressive strength. The dataset comprises records from 108 days,
with 2 records per day. The explanatory variables are:

a) X1= Sulfur trioxide (SO3) content, which represents the amount of SO3 contained in cement.
It is generally governed by the addition of gypsum (Tsamatsoulis et al., 2023).

b) Xz = Loss on Ignition (Lol), which represents the percentage mass lost when cement is
heated to approximately 900°C—-1000°C (Bernal et al., 2017; Lee et al., 2025).

c) X3 = residue on 45-micron sieve, which represents the fineness of cement particles. It
measures the percentage of cement particles retained on a 45-micron sieve (Ferraris &
Garboczi, 2013).

d) X4 = 7-day compressive strength, which represents cement compressive strength at day 7.

These variables are selected using OLS regression from a set of variables directly linked to clinker
quality, sulfate balance, fineness, and hydration kinetics. Data were analysed using possibilistic fuzzy
regression and I-KNNFR. Since the data is originally recorded as a single point (crisp), it needs to be
fuzzified into a symmetrical TFN. This study adopts the fuzzification strategy employed by Tirksen
(2021) and Urbanski (2023). Using this strategy, the mode (m) and spread (c) of TFEN are calculated as
the arithmetic mean and half-range of two data points, respectively. These statistics result in a symmetric
TFN, Y = (m —c,m,m + ¢).

3.1. Possibilistic Fuzzy Regression

The possibilistic fuzzy regression model for cement 28-day compressive strength is:

Y = (121.418,0) + (49.405,13.483)X, — (31.326,0)X, — (3.296,0)Xs + (0.786,0)X, (10)

This model shows that SOs content and 7-day compressive strength positively influence 28-day
compressive strength. The increases in SOs content and 7-day compressive strength are associated
with an increase in the cement mortar compressive strength. On the contrary, loss on ignition and
residue on the 45-micron sieve have a negative impact on 28-day compressive strength, indicating that
increasing those variables decreases 28-day compressive strength. This model also exhibits that SOs
content is the only explanatory variable with a non-zero spread. This indicates that the influence of SO3
on the 28-day compressive strength is not fully deterministic but subject to uncertainty arising from
complex chemical interactions. On the contrary, the coefficients for loss on ignition, residue on a 45-
micron sieve, and 7-day compressive strength show crisp values, indicating more stable, monotonic
relationships with 28-day compressive strength. Suppose there are five new cement mortar specimens
with values of X; — X,, as shown in columns 2-5 of Table 1. Using the estimated model presented in
Eq. (10), the predicted 28-day compressive strength of these five specimens is shown in the last column
of Table 1. Note that the predicted compressive strength for the fifth specimen is not available because
the X1 value for this specimen (X; = 2.12) is outside the range of X, in the training dataset.

Table 1. Predicted TFN of 28-day Compressive Strength for New Cement Mortar.

No SO; Loss on Residue on 45- 7-day compressive  Predicted TFN of 28-day compressive strength
content  Ignition micron sieve strength (m,c) =(m—-c,mm+c)

1 1.69 4.42 5.67 74.3 (106.16, 22.79) = (83.38,106.16, 128.95)

2 168 4.39 4.61 775 (112.62, 22.65) = (89.97, 112.62, 135.27)

3 200 4.73 9.45 78.8 (102.85, 26.97) = (76.88, 102.85, 129.81)

4  1.67 4.81 6.74 76.0 ( 90.77, 22.52) = (68.25, 90.77, 113.28)

5 212 4.93 6.12 771 Not available

Note that the estimated compressive strength value of the fifth specimen cannot be obtained
because the X; value of this test specimen (X; = 2.12) is outside the range of X; (SOs content) in the
training data used to form the model, which is [1.47, 2.02]. Meanwhile, Tanaka’s fuzzy regression does
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not allow for extrapolation because it may produce an invalid TEN. The TFN prediction provides more
information than a single-point prediction. It represents the most plausible compressive strength and
also the range of plausible values associated with material heterogeneity, experimental variability, and
incomplete knowledge of the strength-development process. Therefore, the TFN output provides
information related to expected strength and the uncertainty surrounding it.

The model’s predictive performance is evaluated using 10-fold range-preserved controlled cross-
validation. Predictive performance is measured by mean squared error (MSE) and mean relative
distance (MRD). Predictive models and their corresponding MSE and MRD, obtained from the ten
training-testing dataset pairs, are presented in Table 2. The overall MSE and MRD are computed by
averaging the MSE and MRD across all pairs of training and testing datasets. It is found that the overall
MSE is 965.95 and the overall MRD is 34.37.

Table 2. Models and Predictive Performance Measures (Compressive Strength Dataset).

Pair Fuzzy Model MSE MRD
1 7= (130.56, 0) + (48.030, 11.645) X; — (32.128, 0) X2 - (3.56, 0) X3 + (0.759, 0) X4 872.03 62.28
2 Y= (130.56, 0) + (48.033, 11.645) X; — (32.128, 0) X - (3.557, 0) X3 + (0.759, 0) X4 1032.28 26.77
3 7= (76.331, 0) + (9.137, 0) X; — (0.775, 1.479) X> + (0.238, 0) X3 + (0.539, 0) X, 1028.78 8.08
4 7= (19.604, 0) + (75.732, 11.472) X; — (24.121, 0) X> - (1.604, 0) X5 + (1.001, 0) X, 1122.97 23.20
5 7= (130.56, 0) + (48.033, 11.645) X; — (32.128, 0) X - (3.557, 0) X5 + (0.759, 0) X, 862.09 23.59
6 7= (130.56, 0) + (48.033, 11.645) X; — (32.128, 0) X - (3.557, 0) X5 + (0.759, 0) X, 888.04 28.99
7 7= (59.539, 0) + (63.1, 11.388) X; — (22.14, 0) X> - (4.084, 0) X5 + (0.785, 0) X4 981.37 27.99
8 Y= (130.56, 0) + (48.033, 11.645) X; — (32.128, 0) X - (3.557, 0) X3 + (0.759, 0) X4 965.14 51.97
9 7= (69.401, 0) + (66.445, 11.509) X; — (28.09, 0) X; - (3.604, 0) X5 + (0.889, 0) X, 948.26 43.61
10 Y= (130.56, 0) + (48.033, 11.645) X; — (32.128, 0) X - (3.557, 0) X3 + (0.759, 0) X4 958.54 47.20

Note: X; = SO; content; X, = loss on ignition; X3 = residue on 45 micron sieve; X, = 7-day compressive strength
3.2. Integrated KNN Fuzzy Regression

After presenting the results of Tanaka’s possibilistic fuzzy regression, this study proceeds with
the analysis of the I-KNNFR. This approach is intended to predict the TFN of the cement mortar’s 28-
day compressive strength. Unlike possibilistic fuzzy regression, I-KNNFR does not produce a single
mathematical equation applicable to all prediction points. Instead, this method yields a set of rules to
predict the TFN of 28-day compressive strength for a newly produced cement mortar, given known
explanatory variables. These rules include the number of nearest neighbours (k) and the Minkowski
distance parameter (p) that are selected from k € {9,10,...70} and p € {1.6,1.7,...,2.0}. I-KNNFR with
the best k and p is employed to construct a local fuzzy regression model for each query observation.
The resulting model is then used to predict the TFN of compressive strength for that observation.

To ensure methodological consistency, the predictive performance of the proposed I-KNNFR is
evaluated using the same 10-fold range-preserved controlled cross-validation procedure used in the
previous section. For each fold, MSE and MRD are computed. The reported values are overall predictive
performance measures, computed as the average across the 10 cross-validation iterations. The optimal
values of k and p are tuned sequentially rather than through a joint search over all possible combinations
of k and p. This sequential tuning strategy reduces the risk of excessive parameter search. It also
preserves the interpretability of the tuning process by allowing each parameter to be assessed
independently. The effect of k is first evaluated, and then the effect of p is evaluated.

Figure 1 displays the relationship between MSE and the number of nearest neighbours for k=9,
10, ..., 70, presented in a line chart. The figure is displayed in five panels, each corresponding to a
specific value of the Minkowski distance parameter, p. Within each panel, MSE values are obtained by
averaging results from the ten cross-validation iterations. Across all considered values of p, the results
show the same pattern in MSE as the number of nearest neighbours increases. In general, the MSE
increases in line with the increase in the number of nearest neighbours used to model the 28-day
compressive strength. The results also indicate that the MSE attains its minimum at kK = 9. This
consistent behaviour suggests that k = 9 yields the most favourable performance for the I-KNNFR model
under the given experimental setting.
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Figure 1. Relationship between MSE and k for Various p

In addition, Figure 2 presents line charts of the relationship between the MRD and the number of
nearest neighbours. As with MSE, these relationships are presented in five panels, one for each value
of the Minkowski distance parameter. The MRD values are also computed by averaging results from the
ten cross-validation iterations. This figure shows a pattern similar to that in Fig. 1, where the MRD
increases as the number of nearest neighbours increases. It is also found that the MRD attains its
minimum at k = 9 for all values of p. This behaviour is consistent with the relationship between MSE and
k. As in the previous conclusion, k = 9 provides the most favourable performance for the I-KNNFR
model. Consequently, this value of k is selected for the subsequent analysis.
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Figure 2. Relationship between MRD and k for Various p

After selecting k = 9 as the optimal number of nearest neighbours, the influence of the Minkowski
distance parameter is examined. The average MSE and MRD for fixed k = 9, corresponding to p = 1.6,
1.7, 1.8, 1.9, and 2.0, are summarized in Table 3. The value of p producing the lowest MSE is then
selected as the optimal distance parameter for the I-KNNFR. Overall, the differences in MSE and MRD
across all considered values of p are marginal. This indicates that, in this case, the I-KNNFR is relatively
insensitive to the choice of Minkowski distance parameter within the examined range. The minimum
MSE is attained at p = 2.0, whereas the lowest MRD is observed for p = 1.8 and p = 1.9. However, given
that the observed differences are minor and not practically significant, the Euclidean distance
(Minkowski distance with p = 2.0) is selected for subsequent analysis. This choice is motivated by its
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slightly superior MSE and its stable behaviour across both evaluation metrics. Furthermore, this distance
measure is widely used in k-nearest-neighbour-based methods.

Table 3. Average MSE and MRD for Different Minkowski Distance Parameters with k = 9.

No p MSE MRD
1 16 141.7039 5.9748
2 1.7 141.7101 5.9729
3 1.8 141.8415 5.9623
4 1.9 141.8415 5.9623
5 2.0 141.7007 5.9690

Finally, the TFN for the 28-day compressive strength of a new cement mortar can be predicted
using the I-KNNFR by following the rules; (a) Use the Euclidean distance to measure the closeness of
a given observation to all observations in the training dataset; and (b) Use k = 9 neighbours as a basis
to construct the model that will be used in the subsequent step to predict the TFN of the 28-day
compressive strength for a new cement mortar.

3.3. Comparative Analysis of the I-KNNFR and Tanaka’s Fuzzy Regression

The previous section illustrated the use of possibilistic fuzzy regression and [-KNNFR to model
the 28-day compressive strength of cement mortar for ordinary Portland-type cement. The predictive
performance of the two methods was evaluated using the same 10-fold range-preserved controlled
cross-validation. The reported predictive performance measures (MSE and MRD) are averaged over
the 10 folds. This ensures that the predictive performance comparison is conducted under an identical
evaluation procedure. Under this procedure, possibilistic fuzzy regression yielded an MSE of 965.95
and an MRD of 34.37. Refer back to Table 3. This table shows that all variants of I-KNNFR vyield lower
MSE and MRD than those provided by possibilistic fuzzy regression. This indicates that, in general,
possibilistic fuzzy regression yields poorer predictive performance than I-KNNFR. Specifically, the I-
KNNFR with k = 9 and p = 2 achieved an average MSE of 141.70 and an MRD of 5.97. Thus, relative
to possibilistic fuzzy regression, the I-KNNFR reduces the MSE by approximately 85%. This method
also reduces the MRD by approximately 83%.

4, CONCLUSION

In this study, two fuzzy regression approaches were implemented for predicting the TFN of the
28-day compressive strength of cement mortar based on variables assumed to influence it. The two
approaches were possibilistic fuzzy regression and I-KNNFR. The predictive performance of both
methods was compared using MSE and MRD obtained through a 10-fold range-preserved controlled
cross-validation. The possibilistic fuzzy regression yielded a model with an MSE of 965.95 and an MRD
of 34.37. This model revealed that the SOs content is the only variable that contributes to uncertainty in
28-day cement compressive strength. On the other hand, the best I-KNNFR performance was achieved
when it was performed using k = 9 nearest neighbours and Euclidean distance. In this setting, I-KNNFR
yielded lower performance measures: 141.70 for MSE and 5.97 for MRD. Thus, compared to possibilistic
fuzzy regression, the I-KNNFR reduced the MSE and MRD by approximately 85% and 83%,
respectively. The lower MSE and MRD indicate improved predictive performance.

The findings demonstrate the importance of incorporating local neighbourhood information when
modelling heterogeneous strength development under uncertainty associated with material
heterogeneity, experimental variability, and incomplete knowledge of the strength-development process.
The TFN prediction is more informative than a single-point prediction because it provides both the most
plausible compressive strength value and a range of plausible values reflecting this uncertainty. A global
fuzzy regression model produced by the possibilistic fuzzy regression applies a common relationship to
all observations, although cement specimens may exhibit different local strength-development patterns.
By selecting observations that are most similar to each prediction point, I-KNNFR constructs a local
fuzzy regression model that is more responsive to these heterogeneous patterns and less influenced by
distant observations. Incorporating the KNN mechanism substantially improves the predictive accuracy
of possibilistic fuzzy regression. Consequently, the I-KNNFR can be considered a superior alternative
to possibilistic fuzzy regression for modelling the TFN of cement’s 28 day compressive strength.
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  c


    Y ~ =  ( m − c , m , m + c ) .


      Y ~ ^ =  ( 121 . 418 , 0 ) +    ( 49 . 405 ,   13 . 483 )   X 1   −    ( 31 . 326 ,   0 )   X 2   −    ( 3 . 296 ,   0 )   X 3   +    ( 0 . 786 ,   0 )   X 4                       ( 10 )


    X 1 −     X 4


    X 1 = 2 . 12


    X 1


   ( 𝒎 , 𝒄 ) =  ( 𝒎 − 𝒄 , 𝒎 , 𝒎 + 𝒄 )


    X 1


    X 1


    X 1


      Y ~ ^


      Y ~ ^


      Y ~ ^


      Y ~ ^


      Y ~ ^


      Y ~ ^


      Y ~ ^


      Y ~ ^


      Y ~ ^


      Y ~ ^


  k ∈ { 9 ,   10 ,   … 70 }


  p ∈ { 1 . 6 ,   1 . 7 ,   . . . ,   2 . 0 }

